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ABSTRACT 
 
We present on existence and uniqueness theorem for integral equation of fractional order in volving 

fuzzy set value mayping of a real variable whose values are normal , convex , upper , semicontinuous , 

and compactly sufforted fuzzy sets in 
nIR ir , we establish condition for a class of initial value froblem 

for impulsive frac tional antegrab inclusion involving the caputo fractional derivative. The Adomians 

decomposition method and the homotopy  Perturbation method are two powerful method  which 

Consider the approximate  Solution of a nonlinear Equation as an infinite Series usually Converging to 

the accurate solution , This paper introduces the homotopy perturbation method for overcoming 

completely the disadvantage, The solution procedure is very effective and straight forward. That two 

method are equivalent in solving nonlinear equations.  
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Introduction 

Dubios and prade [1]introduced the concept of 

integration of fuzzy functions  
Alternative affrouches were later suyyested  by goetsch and 

voxman [3] , kaleve [4] Nanda [5] and others , while 

Goetschol and voxman preferred a Riemann and caputo 

integral type approach , Kaleva choseto define the integral 

of fuzzy function for more information about integralin of 

fuzzy function and fuzzy integral equations for instance , 

see [6],[7], and reference therein . We denote the set of all 

real number by ,and the set of all fuzzy numbers on  is 

indicated by .Now , the fractional calculus topic is 

enjoying is growing  interest among scientists and engineers 

, see [8,9,10,11,12,13]this equation takes the form. . In this 

paper, we propose Riemann-liouville differentiability by 

using Hukuhara difference so-called Riemann-liouville -

differentiability. [ 7, 13], the successful application of 

fractional integration Equations (FIES) in mo de ling such 

as viscose lastic material [1], control [2], signal processing 

[3] and etc. 

 This paper is organized as follows: In Section [2], we recall 

some Well-known definitions of fuzzy number and express 

some needed concepts. In Sect [3], Riemann-Liouville H-

differentiability is given and Caputo of (FFIEs) are 

considered under Caputo -differentiability Fuzzy 

fractiond intial value problem. In Sect[4]. Existence and 

uniqueness with of the caputo fuzzy fractional derivative by 

using Adomians decomposition method(ADM). In Sect.[5] 

some examples are solved FFIES Under Caputo GH-

differentiability. 

Consider the following Fredholm integral equation 

(1) 

where g and k are known functions and f is to be 

determined. The 

Adomians decomposition method consists of representing f 

as a series 

(2) 

Now by substituting (1) in (2), we will have 

(3) 

Note that,Adomians decomposition method uses the 

recursive relations 
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(4) 

where  

,   

is an arbitrary kernel function over the square  

 
and  

  

is a function of t : . If f  ً  is a crisp function 

then the solutions 

of Eq. (1) are crisp as well. However, if ً  is a fuzzy 

function these equations 

may only possess fuzzy solutions. Sufficient conditions for 

the existence of 

a unique solution to the fuzzy Fredholm integral equation of 

the second kind, 

i.e. to Eq. (2) where is a fuzzy function, are given in [6] 

let  

  
and  

are parametric 

form of  and  , respectively then, parametric form 

of FFIE-2 is as 

follows:,  

 

 
we explain Adomian method as a numerical algorithm for 

approximating solution of this system of linear integral 

equations in crisp case 

then, we find approximate solutions for  and  for 

each  and 

 

 
Where  g: 

 

2-.preliminaries  

De finition 2-1. 

Let g (a,b)  , .a<b<  , and  let >0 

Bea real number the fractional integral of order  of 

Riemann – liouville type define by (see [12],[13]) 

 
Rewrite Eq(1.1)in the form 

X(t)=g(t)+  (t,y(t))            (2-1-2)           t0 

Where   is the standard Riemann –liouville fractional 

integral operator . 

In this paper , we  rore an existenee and uniqueness 

theorem of a solution to the fuzzy integral equation (2-1-2) 

the method of successive approximation is the main toob in 

our analysis . 

Definition 2-2 [14,15] 

For a function g given on the interval [a,b] . 

The caputo fractionaL order derivative of g is defined by  

 

 
 

Where   r= 1 

Sufficient condition for the fractional differential and 

integrals to exist are given in [14] 

Definition 2-3 

The fractional order integral of the function 

g( )of order  is defined by  

 

Where is the gamma funetion where  

=.    , we write   =g(t)×Q(t) 

Where  

 , and   for  

r0 and  

  

as  , where  is the delta function  definition (2-4) 

caputo fractional derivatrve of order  (0<<1) for u(t): R 

R  is defined as  

 
Definition 2-4 

 initial value problem with fractional derivative  

 
 

X.( )=X.  

 
3-Fuzzy fractiond intial value problem  

Let 

y:  

Cris   raviable for  

 

We have   

Since r-t>.   then    can be  defined levelwise as  
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Theorem 3-1 

Let .<<1  and    y:  be a fuzzy Function with  

  

 
i)if y has franctional derivative of type  

lim  

h
0+

 h0
-
 

then y1 , y2  , have fractional derivative  (3-1-1) 

and  

 
ii)if y has fractional derivative of type  

lim  

h.
+
 h.

- 

Them  y1,y2 ,  have fractional derivative and 
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Proof:  

We Prove part i and the same proof can be used for Part be       

used for part     ,Sinee   0  and  
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Definifion 3-1 [2] 

The generalized Hukuhara derivative of a fuzzy -valued 

function  at  defined as  

 

 (3-1-6) 

  we say that f is generalized Hukuhara 

differentiable -differentiable at  Also we say that f 

is -differentiable at  if  

 

 (3-1-7) 

 and that f is -differentiable at   

 

         

Definilion3-2 

Let      

)613(1)]([,0)(   RnR

 

also y(x)     ],[ baC n
     , Let     n  be given                  

(3-1-7)  

1)]([  Rn         for   nN ,0      for             
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4- Existence and uniqueness FFIES with of the caputo fuzzy 

fractional derivative  

In  this section we consider the ca puto fuzey differential 

equation of order  >0 
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Involving the fuzzy capu to fractional derivative 
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On a finite the initial conditions  
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Definition 4-1 

Let [a,b] be afinite interval of the real line R , and Let 
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Lemma  4-1 

Riemann-liouvill fractional derivatives of order  
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Lemma 4-2  

Reimann – liouvill fuzzy fractional derivatue of   order 
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Respect tirely the fuzzy fractional derivatire Caputo  
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Theorem 4-1 

Let ],[)(1)(0 baCxyandR        

 

                     

 

Theorenm 4-2 

 Let  andR 0)(       Let  n  be  

Given 1)]([  Rn     for 

00
NfornNr            

Also let ],[)( bacxy n        them  caputo fuzzy fractional 

derivative   ),)(( 
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In particular , then have respectively the forms the orem  

(4-1) and (4-2)   for  1)(0  R  

Pro of: 

Let 0N    Formulas  
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are Proved  as in theorem (4-1) the continuity of the 

function ),)(( 


xyD
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and    follows from the   repre 

sentations (4-1),(4-2)  according to Lemma 4-1 , with 
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 Relations (4-2-5) follow from the following  in tequalities   
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5-  FFIES Under Caputo GH-differentiability 

 We consider the following fuzzy Caputo fractional 

differential equation:  

 

   (5-1) 

 Where  is continuous fuzzy -valued 

function and . The following Lemma transform 

the fuzzy fractional differential equations to the 

corresponding fuzzy Volterra integral equations.  

Lemma 5-1 

 Let  and , the fuzzy fractional differential 

equation (5-1) is equivalent to one of the following integral 

equations  

 

              
 (5-2) 

 if  is differentiable,and  

 

           (5-3) 

 and  is  differentiable,provided that the 

-difference exists.  

  

Proof. Let us consider , then we have 

following  
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    (5-4) 

  

   (5-5) 

 For case -differentiability. For case 

-differentiability, We have  

 

   (5-6) 

 Finally we recall that for case -differentiability,  

 

   (5-7) 

 and also case  differentiability,  

 

   (5-8) 

 which completes the proof [8].  

  

Theorem 5-1 [4]  

We consider the following fuzzy Caputo fractional 

differential equation  

 
           (5-9) 

 let  be bounded continuous 

functions.Let the sequens  is given by  

                 
 (5-10) 

 , ,  has a unique solution given 

by   

 

(5-11)  

 For case -differentiability and  

 

(5-12)  

  

  

Theorem 5-2 [4] 

 Let  be a fuzzy-valued function on    

    •  is -differentiable at  iff  

is -differentiable at .  

    • is -differentiable at  iff  is 

-differentiable at .   

Lemma 5-2 

  Let  be a fuzzy-valued function such that 

,  

               
 (5-13) 

 :By using Definition (2-3) and(2-4) we have 

 Such 

that  

                          
(5-14) 

 We consider f is - differentiable. according 

Theorem (5-2) f is - differentiable.Then we 

have  

     
 (5-15) 

  

 

(5-16)  

 according Theorem f is - 

differentiable.Then we have  

 

(5-17)  

 For all  ,  ,  , which proves 

the lem.  

Theorem5-3 

 Let  be a fuzzy-valued function 

such that , Let the sequens 

 is given by  

 

  (5-18) 

 is defined for any .Then the sequens  is convex 

sentence to unique solution of problem  which is 

-differentiable on  ,provided that 

.  

Proof. Now we show that sequence , (5-18) is a Cauchy 

sequence . To do this end,We have  

 

 
 (5-19) 

 Where . Since f is 

Lipschitz continuous, so by Definition (2-4), we can find 

that Suppose that , then 

using assumption, we have   
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 (5-20) 

 

                   (5-21) 

  

                              
(  5-22) 

 Moreover = ; and 

therefore,we can conclude by Ascoli-Arzela theorem and 

the monotonicity of the sequence  that 

 uniformly on  and  

                                      
(5-23) 

 Thus ,by the inductive method ,We know  

                                       
(5-24) 

 ,   so ,we have  

 

(5-25)  

  

  

 (5-26) 

Examples 

[1]- consider the following FF-IDE  

 
 (5-27) 

  

  (5-28) 

 Where  and we use -differentiability. 

So, Eq (5-9) is equivalent to the following fuzzy Caputo 

fractional integral-differential equations by applying 

Theorem (5-2). finally, by applying of Mittag-Leffler 

function , we get the following  

 

 (5-29) 

 For case -differentiability,this positive 

solution and assumption  such that  

 
 (5-30) 

 In order to solve mentioned fuzzy Volerra integral 

equation,We adopt successive Approximation method. We 

set  

  (5-31) 

  

 

 (5-32) 

 [2] -Consider the fuzzy Fredholm integral equation with 

rtrrrt)r,t(f 2
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and kernel 

13
222 


ts

)t,s(K
  

  
2 t,s

 
and a =0, b =2. The exact solution in this case is given by 

rt)r,t(u 
 

t)r()r,t(u  2
 

Some first terms of Adomian decomposition series are 
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1 85683
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1404067


 

rttru 221
2 1678158

13679
75168
170173

1670815
292042

751652
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[3] -Consider the fuzzy Fredholm integral equation with 

rte)t,r(f 
 

14 2  r)t,r(f t
 

and kernel 

13
222 


ts

)t,s(K
   

2 t,S
 

and a =0, b =2. The exact solution in this case is given by 
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Some first terms of Adomian decomposition series are 
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6-  Conclusions 

Adomian's method is relatively straightforward to apply at 

least with the 

assistance of a powerful Computer Algebra Package and, in 

simple cases, 

produces a series that can converge rapidly to known 

solution [7]. 

As shown in the previous section, for particular parameter 

values in our 

Hammerstein integral equation ,Adomian's method appears 

to show rapid 

convergence to the unique solution obtained using the 

contraction mapping 

principle. The accuracy of Adomian's method has been 

further con®rmed by 

comparison with a numerical solution of the original 

boundary value problem 

obtained using a shooting method. This result con®rms the 

view expressed by 

Some [5] who compared various numerical methods for 

solving fuzzy 

integral equations and concluded that Adomian's method 

was fast and 

e•cient. we will obtain positive solution of FFIES with 

fuzzy Caputo -Differentiability and fuzzy caputo 

Hukuhara differentiability which is used to investigate 

convergence of this set of equations. 
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