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ABSTRACT

We present on existence and uniqueness theorem for integral equation of fractional order in volving
fuzzy set value mayping of a real variable whose values are normal , convex , upper , semicontinuous ,

and compactly sufforted fuzzy sets in /R"ir , we establish condition for a class of initial value froblem
for impulsive frac tional antegrab inclusion involving the caputo fractional derivative. The Adomians
decomposition method and the homotopy Perturbation method are two powerful method which
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Consider the approximate Solution of a nonlinear Equation as an infinite Series usually Converging to

the accurate solution , This paper introduces the homotopy perturbation method for overcoming
completely the disadvantage, The solution procedure is very effective and straight forward. That two

method are equivalent in solving nonlinear equations.
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Introduction

Dubios and prade [1]introduced the concept of

integration of fuzzy functions

Alternative affrouches were later suyyested by goetsch and
voxman [3] , kaleve [4] Nanda [5] and others , while
Goetschol and voxman preferred a Riemann and caputo
integral type approach , Kaleva choseto define the integral
of fuzzy function for more information about integralin of
fuzzy function and fuzzy integral equations for instance ,
see [6],[7], and reference therein . We denote the set of all
real number by R R js
indicated by Rr Now , the fractional calculus topic is
enjoying is growing interest among scientists and engineers
, see [8,9,10,11,12,13]this equation takes the form. . In this
paper, we propose Riemann-liouville differentiability by

using Hukuhara difference so-called Riemann-liouville H_

differentiability. [ 7, 13], the successful application of
fractional integration Equations (FIES) in mo de ling such
as viscose lastic material [1], control [2], signal processing
[3] and etc.

This paper is organized as follows: In Section [2], we recall
some Well-known definitions of fuzzy number and express
some needed concepts. In Sect [3], Riemann-Liouville H-
differentiability is given and Caputo of (FFIES) are

,and the set of all fuzzy numbers on

considered under Caputo H-differentiability Fuzzy
fractiond intial value problem. In Sect[4]. Existence and
uniqueness with of the caputo fuzzy fractional derivative by
using Adomians decomposition method(ADM). In Sect.[5]
some examples are solved FFIES Under Caputo GH-
differentiability.

Consider the foIIowir;g Fredholm integral equation

7 =90+ [ K07 (1) a< x <
a (D)

where g and k are known functions and f is to be
determined. The

Adomians decomposition method consists of representing f
asaseriesx

1) =) ua®
= ()
Nﬂgw by substituting (1) in (2), we will Dcave

b
> un =900 +u [ kD) Y w @ ar

) (3)
Note that,Adomians decomposition method uses the
recursive relations
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, o
Uyer = ,u..j k(x, t}z u, (t)dts:  Ugp(x) = g(x)

(4)

where

i = ',k(xJ t}

is an arbitrary kernel function over the square
a=5t=h

and

fltha=st=bh

is a function of t : @ = = b_1££"F(t) is a crisp function
then the solutions

of Eq. (1) are crisp as well. However, if f(2) is a fuzzy
function these equations

may only possess fuzzy solutions. Sufficient conditions for
the existence of

a unique solution to the fuzzy Fredholm integral equation of
the second kind,

i.e. to Eq. (2) where (e is a fuzzy function, are given in [6]
let

(F () ()

and

are parametric

form of f () and u(t}, respectively then, parametric form
of FFIE-2 is as

follows;, * = r="

u_(t,r) =F(0&r) + _u..j v (5 tu_{sr),u (57

b
u~(t,r)=fF"(t,7) +_u.J‘ ve (s, t,u_(s,r),u(s57r)ds

v ==

we explain Adomian method as a numerical algorithm for
approximating solution of this system of linear integral
equations in crisp case

then, we find approximate solutions for () and () for
each@ =1 = b ang

v ==
x(t) = g(t)
i [T fy) :
+I_J_L —(r—t)l“ﬁdl rel.,T] (1-1)
Where g:
[LTT —E"and f=[0,T]x E" —-E"

2-.preliminaries
De finition 2-1.
LetgeL(a,b) , .<a<b<co ,and let >0
Bea real number the fractional integral of order B of
Riemann — liouville type define by (see [12],[13])

1 roogl(t
gt = f ( )H,dt (2.1.1)
Jp(B)Jo (r—1t)
Rewrite Eq(1.1)in the form
x®=g0+ I” £ tyv)

Where Iﬁ is the standard Riemann —liouville fractional
integral operator .

(2-1-2) 0

In this paper , we Trore an existenee and uniqueness

theorem of a solution to the fuzzy integral equation (2-1-2)
the method of successive approximation is the main toob in
our analysis .

Definition 2-2 [14,15]

For a function g given on the interval [a,b] .

The caputo fractional order derivative of g is defined by

By 1 " -p-1 .
(@ 90 =———| -0 goyrar  (22.1)
] (n_p)-n

Where r=[R(f)] +1

Sufficient condition for the fractional differential and
integrals to exist are given in [14]

Definition 2-3

The fractional order integral of the
ge(Lla, b], R*)of order B € R is defined by

I5,9(t) = for - t)g(t)dt (2.5.1)

function

Where 7 is the gamma funetion where

a=. , We write PG g (t):g(t)XQB(t)

Where

p-1 B
Qs(t) = %(}8) for r=0 " and Qg (t) = 0 for
r<0and Qg —6(t)

as — 0, where & is the delta function definition (2-4)
caputo fractional derivatrve of order  (0<p<1) for u(t): R

—R is defined as

1 r d
m[ (r—1t) ﬁ(a (u(t))dt (2.4.1)

Definition 2-4
initial value problem with fractional derivative

Diy(t) = f(x,t) telt, T]

x@E)=x<XE"™ tel[,T]
y(®)1f = [y1(t,B),y2(t, B)]

3-Fuzzy fractiond intial value problem

Dfu(t) =

(2.5.1)

Let
y:[0,T] - E"® be a fuzzy functionof a
Cris raviable for

y(®))F =[y.(t.B),y.(t.B)]
Wehave [y(t)]1F = [y1(t,B), 92(t,B)]

Since r-t>. then Diy(t) can be defined levelwise as

[p8y@)| = [0y e.8). DPyoe8)]  B-1)



University College of Takestan

1 T
Dfy.(t @) = Ta-® J; (r— t) By, (t, a)dt

T 1
Diy,(t @) = - )Py, (t, a@)dt (3 -2
cyz(t, a) e B)j(, ) Pyt a) ( )
Theorem 3-1
Let .<p<l and Yy:[a, b] — E™ be a fuzzy Function with

[y(O)]* = [y1(t, @), y2(t, @)]

i)if y has franctional derivative of type
il EHAE) e 1) —,;:(t-—h)

h
h—%* h—0"
theny,, Y, , have fractional derivative
and
DZy)| =[pfy,(t ). Dly,(t )]  (3-1-2)
ii)if y has fractional derivative of type
i &) _ e 1) -fE—h)
h h
h—.* h—.
Them YiY2 have fractional derivative and

[C)y(t)]“ =[|j3y2(ta) , @yl(tla)] (3-1-3)

Proof:
We Prove part i and the same proof can be used for Part be

used for part ,Sinee 0< < and

[y®)]* =[y.(t,, @), ¥, (t;, @)] then
[y =[vi(t, ), y,(t,2)]

(B-1-4

f“GH (Tfto:] = [fll— [Tf tﬂ]’f!_ (Tftr.:-:]]fr € [ij':l
(3-1-7)

and that f is [(i) — EH]-differentiable at fo

Flau(rts) = [f"(nto). f'-(r.t;)],r € [01]

Definilion3-2
Let
R(8)20, n=[R(A)]+1 (3-1-6)
also yx) e C"[a,b] , Let n be given
(3-1-7)
n=[R(p)]+1 for &N, , h=p4  for
BeN, (3-1-1)
cf Ccp Cp_
(D xa) =[Dyxe) D y(x, )] (3-1-8)
< __ 1 e (ta) L
(lagx)(x,a) NCE) Y %(_t)ﬁ,mdt (3-1-9)
= " (ta) 1
(Dy)(x a)= o ﬁ) y %( s dt (3-1-10)

4- Existence and uniqueness FFIES with of the caputo fuzzy
fractional derivative
In this section we consider the ca puto fuzey differential

equation of order >0

¢ p
[(Dy)]”(x)z flx.y(x,a)] >0 a<x<b  (4-1)

Inzolving the fuzzy capu to fractional derivative

[(r-t)7y'®1" =[(r-t) " y,(t,a),(r —t) "y, (t,)] B Y(X,&) , defined in (4-1)

Sinie 0< <1 then T'(L— /L) >0, there fore

7(1 07y o= (3-1-5)
7(11 b0 v 7(1 b0 vt

50D YOI <ID Yt @). D va(t.a)]

Definifion 3-1 [2]
The generalized Hukuhara derivative of a fuzzy -valued

function f* (@ b) = R 51ty defined as

(e, tR)! f ()t (t,—h
gH (t :] — ;:!.E :If r|:| }hEHf-.ru:' — }zinljf-.rn} Eth-.ru ::'
— —
(3-1-6)

¥

gH (r.t;) € Rp we say that f is generalized Hukuhara
differentiable (gHj-differentiable at Lo Also we say that f
is [(£) — 9H] gifferentiable at Lo if

On a finite the initial conditions
[y¥1“(@=b, (b, eR , k=0L.../n-1 n=—-5]) (2-)

Definition 4-1
Let [a,b] be afinite interval of the real line R,

D YOI (9= (D Y (xe)

and Let

B cp
and [Dy®1" ()= (D y)x,a) be the (4-1-1)

Lemma 4-1
Riemann-liouvill ~ fractional  derivatives  of

B eC(R(B)=0) de fined by

order

(x>a)

cp e
(Dy)xa) = (0 1 e -

_ )J' y(t a)
_F(n B) dx a(x—t)B - n+1

(D?)(X,a) =(d*)”( | 9)(X,a)

(4-1-2)

_ )I y(t,)
F(n B d a(x—t)f— n+1

(4-1-3)



Nourizadeh et al.

Iranian Journal of Scientific Studies

Lemma 4-2
Reimann — liouvill fuzzy fractional derivatue of

P €C(R(B) =0 defriedy

n-p
" X)(Xva)

order

.1 da by(ta N
_F(n ,3) ) J. % x)P- dt  (x<b) (4-2-1)
(D y)(Xva)=(—*)"(| V)(xa)
y(t.a)
F(I"I (_7) j(t X)ﬁ n+l dt (X<b) (4—2—2)

Respect tirely the fuzzy fractional derivatire Caputo

cCp Ccp
(Dy)(x,@) and (D y)(x,) of order

ca* b~
peC , (R()=0) on [ab] are
Defined via the above ca puto fra ctional derivative by

¢4 B n-1
(Dyxa)=Diyte)- S ¢ -ay'

Cp
(Dya)=Diyta) -3~ CD o (4-2-2)

Theorem 4-1

Let 0<R(B)<1 and y(x) € C[a,b]

(D, (1) = (IQ:ED}-‘) () (DN = ( .

Theorenm 4-2

Let R(3)>0 and Let n be
Given n=[R(p)]+1 for
rgeN, n=p for pgeN,

Also let y(x) ec"[a,b]

Ccp Cp
derivative (D y)(X,&) and (D Y)(X, )

them caputo fuzzy fractional

are
continuous on [a, b]
cCp cp
(Dy)x.a) and (D y)(x,a)<Cla,b]
a* b~
Them
Cp cp
(Dy)aa)=(Dy)b,a)=0 (4-2-5)
In particular , then have respectively the forms the orem
(4-1) and (4-2) for 0 < R(pB) <1
Pro of:
Let S& N, Formulas
(C[ﬂ)’)(xa)— [ yta) o (ID" )%, ) (4-2-7)
2T b oy e
D _ D ey tadt e o o
(P Na)= g = ) (g =D (DI D"y)(x,@)

are Proved as in theorem (4-1) the continuity of the

function (C[ﬂ) V)(X, @)

sentations (461-1),(4-2) according to Lemma 4-1 , with
fit, y®l“ = y“(t. @)
f[t,y(t,a)]e C[a,b] and S=0 the

Relations (4-2-5) follow from the following in tequalities

and follows from the repre

"’ n ‘y(”)(t,a)HC n-R(B)

N B 7 e TR (=279
and

" n ‘ (t a)H n-R(p)
(100 < o g O (4-2-10)

Whieh are yalid any X €[a,b] and Proved directly a sing
(3-1-5) and (3-1-4)
when 3 € N the first relation in a sing (3-1-5) and

Cp
(Dy)(xa) =y (x,a)

Cp
(D V(xa)=(=D"y"(xa)

5 FFIES Under Caputo GH-differentiability
Ng {gomsider the following fuzzy Caputo fractional
differential equation:

(DE.)pU(E) = F(t, 2u(t)) ‘e
(5-2)

Where Fi(a,b) = E = E

(D jg 1u(ty) = '”f:.

is continuous fuzzy -valued

function and o € [a, b]. The following Lemma transform
the fuzzy fractional differential equations to the
corresponding fuzzy Volterra integral equations.

Lemma 5-1

Let™ € [0.1] and fo € R, the fuzzy fractional differential
equation (5-1) is equivalent to one of the following integral
equations

J.-r Filzau(s)ids
r(8)'ty (£-5)*F '

u (tj = u(t:,] +
(5-2)
is differentiable,and

t € [a, b]

|fLllr

-4 pr filzuis))ds
U(t) =u(ty)len rn.f.?}f (e—s)i—F

(5-3)
and U is [—ii —B]° -
H

t € [a,b]

differentiable,provided that the

-difference exists.

F
Proof. Let us consider fec [ﬂ'f b], then we have

following
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(12, D2)pf (tir) = [UE, DL F~(6:7), (I, DS f- (& 7)],r € [01]

(5-4)

(1, DEVEaf(8) = F(8)lau F (2) = L TP FE (D),
(5-13)

1:"m'“'f:By using Definition (2-3) and(2-4) we have

(E,DE)F(6r) = F(67) = £ (tair) U5 DENS(67) = £(67) — £-(taim) (1, Fgaa(8) = (12, DE ) uaf () = [7 Floua(S)ds, gy

(5-5)
For case L% = B1" gifferentiability.
[~ — BI" _gifferentiability, We have

For case

(15, D) pf (&57) = (15, DEDRF- (), (15 DL F ()],

(5-6)
Finally we recall that for case [—i—F] r:-differentiability,

(15,05 pf(67) = [f-(67) = F(tir). f (&7 — F(tim)],

(5-7)
and also case [~ — B]° — differentiability,

(12D pf(67) = [f 7 (67) — F (k) fo(t7) — F(taT)],
(5-8)
which completes the proof [8].

Theorem 5-1 [4]
We consider the following fuzzy Caputo fractional
differential equation

(DE)RUE) — 2% () = u(t) = £
(5-9)

let f:[a.b]*(a,b)*E = E pe pounded continuous
functions.Let the sequens ¥n* [a.b] = E given by

lim (¢* DU =ul P € E

r_l}TJ o) U(L) = uy

(5-10)
r € [0,1] B € (0.1] 4 € R pas 4 unique solution given
by (49:]

U(t) = 5o (or P2 Bg g () + 10 1, L0 Ep g (e — )7,
(5-11)

For case [—ii — ] r:—differentiability and

=1 e By _—A t _fls)ds B
U(tj - IR0 (u-:l+ t ES;.Q(AI j)!r(,ﬁ’} D+|:r_3}1—,5 ES,S(‘:L(t S) j’

(5-12)

Theorem 5-2 [4]
Let S [ab] = Epe a fuzzy-valued function on [a, b]

. fis [—ti — GH]" gitferentiable at € € [@ b] ifs f
is[—if — GHI" _gitferentiable at €.

: c

. fis [—i — GH]" gifferentiable at € € [@ B] if f i
[_i - GH] r:F-differentiable at C.
Lemma 5-2

Let f:la,b] = E be a fuzzy-valued function such that
Fig € Cfla,b] N LF[a,b]

that
b — B 1-F
.rﬂ fJGH [5jds - *ra+ lrrz+ ﬁIGH(tj
(5-14)
: €
We consider f is [—i — GH] T differentiable. according

: c
Theorem (5-2) f is [—i — GH]"_ gifferentiable. Then we
have

2 Flen(S)ds = (12,17 ou(®)] = UL ) euf (1)
(5-15)

(E,DE ) euf () = [ (F()ds, [T (FE(S)ds] = fz () gn Fo(to).

(5-16)
according  Theorem (4)¢ is

differentiable.Then we have

[—ii — GH]T_

U2, DE)euf (1) = [T (F3()ds, [T (F7(5)ds] = Fo(£)! g fa (ta)s

(5-17)
Foranlt € [ab] r€[01] B E(01]

the lem.
Theorem5-3

Let frlab]*E*E = E o 4 fuzzy-valued function

such that Ferr € C[a,b] N LF[a,b] Letthe sequens
u,:[a,b] = E

which proves

is given by

Ug(t) = tg, Upyq (1) = ug(t) gy r_(;} .r: {:;;;_33;} ds
(5-18)

is defined for any ™ € N Then the sequens Y= is convex

sentence to unique solution of problem (59) which is

[—ii — GH]f [a, b]

A<1

-differentiable on Jprovided that

Proof. Now we show that sequence Y=, (5-18) is a Cauchy
. F
sequence € [@. 5] 7o do this end,We have

-4 Filzag(=)) -
d(uyus) = d(uols [y (Co2s(t —5) 7 up)

< Tim_r (t — $)Fd(f(5up(5)),07) = AtE M
(5-19)

Where M = supd(f(s,u(5)),0")  since f s

Lipschitz continuous, so by Definition (2-4), we can find

that Suppose that A, (5), u,—(5)) = Hy—1, then

using assumption, we have
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- s ra i \0-1¢s NI s
Aty (s)u,(s) =— )P (s (5))ds, (t = 5)PF(5 s (5)))

[ (-

<ok alle- 5 syt - 9 (s u (5))ds

15

(5-20)

A1 (5),4,()) € 5 [ (2= )P 0(5, A (14,(5), ey (5)))ls
(5-21)

d(Upy () u,(5)) = 1, (5).
( 5-22)

Moreover |(Pa+)pln+1(B)_|g (s u,(s)] < M. ang
therefore,we can conclude by Ascoli-Arzela theorem and

the monotonicity of the sequence Yn  that

lim,, oo pt, (t) = p(t) uniformly on [to.ta + 7] ang
t glsuis))ds
H‘(tj - ]"I,E:I"r- (:—5}1—3
(5-23)

Thus ,by the inductive method ,We know
(U1 (5), Un(5)) = p,(S),
(5-24)

Vt € [ty ty +7] m=0,123,.. 55 e have

d((Dgs) pitns1(£). (Das)pttn (1)) = d(f(5,un(s).f (5, 8p1(5)))
< g(s,d(un (), 1y (5)))-

(5-25)

d((Dg+)gUn+1(8),(Das+)gtn(t)) = (s d(wn(s), un—1(5)))
(5-26)

Examples

[1]- consider the following FF-IDE

(Pas)gU(e) — AU(t) = F (L c(r).u(t),

(5-27)
lim t*# DS u(t) =u; © €
m o+ u(t) =1y (5-28)

where? = 0 and we use [~ — GH]C-differentiability.
So, Eq (5-9) is equivalent to the following fuzzy Caputo
fractional integral-differential equations by applying
Theorem (5-2). finally, by applying of Mittag-Leffler

function 8.8 (tj we get the following

ui) =g E} (u P ‘Ep, [.lt'g:]]
1 t Flaul(s)ds 2
* rig) I:I+ (t—z)i—F Epp (A(t —5)7)
A uls)ds
+rd e Ee (At — 5)F)
(5-29)
For case Lt~ B1  differentiability,this  positive

solution and assumption A=0 such that

UE) = (P By ()
-1 ot Fizu(s))ds g
!]"(,E}I:H (t—s)1-B Eg (At —5)7)

wis)ds

-1 et (
! I'(,E}I:H (t-s)"F Eg (At — 5]3]

(5-30)
In order to solve mentioned fuzzy Volerra integral
equation,We adopt successive Approximation method. We
set
1 ,9 -1
)

Uy(t) = o

(5-31)

£ Flsi.lls}}r:.!s -4 J-r

up (2))ds

U?!+:|. (t:] U:l (t:] ‘GH ]"I_,E:I“r
(5-32)
[2] -Consider the fuzzy Fredholm integral equation with

Yoor ooy
f(t,r)=rt+———r——r——t'r
TR Y T

- Yoo vy
fit,r=vt—rt+—r+—tr————t'
Y5y Y& oy

(t-s)*=F r(g)

and kernel

Y Y
s +t" —y
K(S’t):i—r

0<S,t<y
and a =0, b =2. The exact solution in this case is given by
u(t,r)=rt
u(t,r)=(v—nt
Some first terms of Adomian decomposition series are

Y Y \
U, e T gy
Y Y% Y VY
YA FFA ) Y4
Uy=—"F——— —tr+ —1"
= FFA 0Ve 154 ov-

and

—Yro ) VYAA Ly YY Ly
Uy = + r+ t'+ t'r
= MAVWY YNV QAN YHAY

\ O Y ¥ 23
U, =g=rt+ - r—
AAADS  YVAY  AAADS YAV

VNP FAY YA YVIRY p L PP o
u, = - t + tr
VYAOFO:  YAOSV:  YADOVY AOFAY

F

t" — t'r

y —YYVAAY Y4y ¥FY ANZRAA \YEVA Ly
Uy = + r+ t - tr
YO\POY VPV AYD YOYZA \ZYAYOA
[3] -Consider the fuzzy Fredholm integral equation with

f(r,t)=e"

fr)y=¢' —r'+\
and kernel

Y Y
S +t —v
K 1) = 0<S 1<y

and a =0, b =2. The exact solution in this case is given by

o+ (t-s)i-F
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Some first terms of Adomian decomposition series are

Yo LY
S +t —v
_J——— o<s<t oLty
K(s,t) = "
° otherwise
Some first terms of Adomi 3s are
u, = —ve"t
oY« _ v
u=—-oemp_—gm
— YV Feobe
\Woe oy Yoo _
Up=——e M4 lg My e
— 204V \PA- YV
_ [
u, = ¢
\VA:
_ =0, v
0, AN SENR SR
VWb Fede

6- Conclusions

Adomian's method is relatively straightforward to apply at
least with the

assistance of a powerful Computer Algebra Package and, in
simple cases,

produces a series that can converge rapidly to known
solution [7].

As shown in the previous section, for particular parameter
values in our

Hammerstein integral equation ,Adomian's method appears
to show rapid

convergence to the unique solution obtained using the
contraction mapping

principle. The accuracy of Adomian's method has been
further con®rmed by

comparison with a numerical solution of the original
boundary value problem

obtained using a shooting method. This result con®rms the
view expressed by

Some [5] who compared various numerical methods for
solving fuzzy

integral equations and concluded that Adomian's method
was fast and

e=cient. we will obtain positive solution of FFIES with

fuzzy Caputo H -Differentiability and fuzzy caputo

Hukuhara differentiability which is used to investigate

convergence of this set of equations.
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